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Orientational Order Parameters in 
Solid Hydrogen: A Density Matrix 
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We consider the description of the orientational degrees of freedom of ortho-Hi, mol- 
ecules in terms of density matrices and the irreducible tensorial operators associated 
with unit angular momentum. The range of allowed values for the orientational order 
parameters is determined from the positivity conditions imposed on the density matrix. 

Keywords: hydrogen, orienrational-order, density-matrix, relaxation 

1. INTRODUCTION 

Several groups’-’() have carried out extensive studies of solid ortho- 
para hydrogen mixtures at low temperatures in recent years. The 
interest in these mixtures is that they represent a random array of 
interacting quantum rotors which has an interesting analogy with the 
spin glasses.” In solid H, the orientations of the molecules play a 
role analogous to the magnetic dipole moments in  magnetic spin 
glasses such as Eu,Sr,.xS.ZZ The ortho-H, molecules with orbital an- 
gular momentum J = 1 interact via their electric quadrupole moments 
while the para species with J = O  (i.e. spherically symmetric) serve as 
inert diluants. At low temperatures the J = 1 molecules align along 
local axes to minimize their interaction energy but in random dilute 
mixtures (Xortho < 55%) only short range ordering with a random 
variation of molecular alignments from site to site is observed. The 
low temperature state for low concentrations has been referred to as 

t Research supported by NSF-low temperature physics-DMR8304322. 
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142 Y .  LIN A N D  N. S.  SULLIVAN 

a quadrupolar glassh but no true phase transition to the glassy regime 
has been observed.’~’’”~” 

In the so-called “quadrupolar glass” the quantum rotors cannot in 
general be described by pure states and a density matrix formalism 
is needed to describe the orientational degrees of freedom. The pur- 
pose of this article is to determine the precise limitations on the local 
order parameters (molecular alignment etc.) from the quantum me- 
chanical conditions imposed on the density matrix and to discuss the 
Implications for the analysis of NMR experiments. Some of the con- 
siderations for the spin-1 density matrix description have been given 

but solid Hz is a special case because the orbital an- 
gular momentum is q ~ e n c h e d . ~ . ”  Harris and Berlinsky3” have dis- 
cussed the classical density matrix for diatomic molecules. In  the 
following sections we review the density matrix formalism for unit 
angular momentum and then discuss the case for solid ortho-para 
hydrogen mixtures. 

II. Density Matrix Formalism 

The most general description of the degrees of freedom of an assembly 
of quantum rotors with angular momentum J = 1 is given by the 
product of single particle 3 x 3 density matrices p, for each site i. 
The p, are completely described by 

1. the molecular dipole moments ( J x ) , ,  ( J J , ,  (.Iz),, and 
2. the quadrupole moments (Jf),, (J ,J , , ) , .  ( J J , ) ,  . . . . . of which 

Instead of Cartesian components we consider for general J a set 
of irreducible tensorial operators rLM with 0 5 L 5 25 and the 
associated multipole moments 

only 5 are independent variables. 

For simplicity we have dropped the site index i. The expansion of 
the single particle density operator in terms of the multipole moments 
is given by 

There are three conditions imposed on p: Hermiticity and both 
weak and strong positivity conditions. 
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ORDER PARAMETERS IN SOLID Hz 143 

For all Hermitean operators Q, the expectation values (Q) = Tr(pQ) 
must be real. p is therefore Hermitean and 

rm = a3, the 3 x 3 unit matrix operator and too = 1. 
The weak positivity conditions are given by 

5 Trp2 S 1 
1 

2 5 + 1 -  (3) 

The lower bound corresponds to the case when all the eigenvalues 
of p2 are equal and the upper bound to the case when one eigenvalue 
is unity and all others are zero. 

The eigenvalues of p must be positive definite because they rep- 
resent the probabilities of realizing some given state and this leads 
to the strong positivity conditions 

where A,, is the n th eigenvalue. These conditions place the strongest 
limitations on the allowed values for the multipole moments and thus 
on the allowed values of the local order parameters for ortho-H, 
molecules in the solid mixtures. 

For the purpose of calculations it is useful to construct orthonormal 
matrix representations of the irreducible operators rLM in the rep- 
resentation ( J J , ) .  For J = 1 these are given by the following 3 x 3 
matrix operators with rows (and columns) labelled by the eigenvalues 
1,0, -1  of J , .  

4@) 
f l o o o  T O 1  1 

2 
7rTT11 = - - I + =  - -  0 0 1 

1 0  

1 & [o 0 :"I 4(c) 
- - ( 3 J ;  - J2) = - 0 -2  

7r20 - 
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144 Y.  LIN AND N. S. SULLIVAN 

0 0 1  

0 0 0  

7 r L . M  = ( - YnL. - M 

and 

T r ( 7 T L M “ T L - M . )  = ~ L L , ~ , M ,  

The quadrupole operators IT?, transform analogously to the spherical 
harmonics Y2,,,(a,p) with respect to rotations of the coordinate axes. 

The reference axes have remained arbitrary in the discussion so 
far and we are therefore free to choose local references axes that 
correspond to the local symmetry for each molecule. The natural 
choice for the z-axis is along the net component of the angular mo- 
mentum at a given site, i.e. such that (J.,) = (I,.) = 0 with (J : )  # 0. 
This is not appropriate for solid hydrogen because in the absence of 
interactions which break time reversal symmetry, the (1,) must vanish 
for all a in the solid. This is the so-called “quenching” of the orbital 
angular momentum.31 Before we consider the case of quenching let 
us recall that the general form for p, = is in  the above notation 

are the dipole and quadrupole moments respectively. po = l/* (I ,)  
is the only non-zero dipole moment. We are still free to choose the 
x and y axes in the plane normal to Oz and we will choose these axes 
such that Q2 is real. 

(6) 
1 
2 

i.e. Q2 = -(Jf - 1:) 

and 

(J,, J,. + J J , )  = 0 
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ORDER PARAMETERS IN SOLID H, 145 

Q2 measures the departure from axial symmetry about t h e  z-axis and 
is sometimes called the eccentricity.” It can be shown that Q ,  and 
Q - ,  also vanish for this choice of local reference frame and the density 
matrix may be written as 

1 “ 0 0 :] 
P = - n 7  + -kll 

3 -  v2 0 0 - 1  

+ - 2  
-Qo 0 fl 0 (7) 

is the alignment3’ along the z-axis. Experimentalists prefer order 
parameters such as the alignment to have unit amplitude for maximum 
alignment and it  is therefore more natural to define the alignment as 

u = (1 - 312 Ji) = - V?J? Qo. (9) 

The only other intrinsic quadrupolar order parameter is the eccen- 
tricity 

= ( J i  - 1:) = 2Q2 (10) 

which also has a maximum amplitude of unity. In terms of these more 
familiar parameters we now have 

1 1 
p = -7r3 + -kz 

3 2  
: : :]+ 
0 0 -1 

The three eigenvalues of p are  
1 - i  

1 1 
3 P --0 0 

2 
3 

0 -u 0 

1 1 
jq 0 -- - 3? 

I f  A, = - + -U 
3 3  
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and 

Y. LIN AND N .  S. SULLIVAN 

1 1  1 
3 3  k ( 3 )  = - - -U ( 2 )  5 

The strong positivity conditions, A, 2 0, are therefore seen to restrict 
the allowed values of the local order parameters u,q and p to the 
interior of a cone (see Figure 1) in the 3D parameter space. (Where 
there is no ambiguity we drop the subscript z on p,.) The vertex of 
the cone is located at u = 1 ,  p =-q = 0, corresponding to the pure 
state I + )  = IJ; = O ) ,  and the base of the cone is defined by the circle 
u = -1/2, pz + q2 = 1 which corresponds to the pure state 
I$) = cos y 11) + sin y I - 1) with (I,) = cos 2y and (J',) = sin 2y. 
(The polar angle y generates the points on the circle of the cone's 
baseplate. ) 

The results shown in Figure 1 are identical to those obtained by 
MinnaerP using the Eberhard-Good theorem33 and the conditions 
imposed on the terms S,, = Trp" for general 1. The underlying physics 
is however easier to understand in the present discussion in terms of 
the eigenvalues of the density matrix and their relation to probability 
amplitudes. In his analysis of the states of polarization of the deu- 
teron, LakinZ3 also reached the same conclusions as Minnaert.zs Hav- 
ing established the physical considerations which determine the lim- 
ited range of allowed values for the order parameters, we now turn 
to the special case of solid hydrogen. 

A 
I 
I 
I 
I 

F l G U R E  1 The allowed values of the order parameters k = ( J : )  (net angular mo- 
mentum). u = ( 1  - 3/2 Ji) (the alignment) and q = ( J i  - l t )  (the eccentricity) for 
a spin-1 particle are  restricted to the interior of a cone in parameter space with its 
vertex at (u = 1, k = q = 0) and base defined by the circle u = - 1/2, k2 + q' = 
1 wlirh center P at (0, 0. - 1D). 
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ORDER PARAMETERS IN SOLID H, 147 

111. APPLICATION TO SOLID HYDROGEN 

There are two distinct molecular species of hydrogen, ortho- and 
parahydrogen, corresponding to the two ways of realizing a totally 
antisymmetric wave function. The para form has an antisymmetric 
nuclear spin wave function (Itota, = 0) and a symmetrical orbital wave 
function ( J  even) while the ortho form has a symmetrical nuclear 
function (Itota, = 1) and an antisymmetrical orbital function ( J  odd). 
The separation of the rotational energy levels is given by EJ = 
BJ(J + 1) with B = 85.37 K and in the solid at low temperatures 
only the lowest J values, J = 0 for para-H, and J = 1 for ortho-H,, 
need be considered. Although para-Hi, in the spherically symmetric 
J = 0 state is the true ground state, the conversion of the ortho 
species to the para form is very slow. It is a bimolecular process with 
a rate constant of 1.5% per hour. This slow conversion enables the 
experimenter to explore a continuous range of concentrations by 
simply allowing the samples to age while held at low temperature. 

At high temperatures the ortho molecules are free to rotate but at 
low temperatures the anisotropic forces between the molecules lift 
the rotational degeneracy and the molecules align themselves with 
respect to one another to minimize their interaction energy. For high 
ortho concentrations one observes a periodic alignment in a Pa, con- 
figuration with four interpenetrating simple cubic sub-lattices,' the 
molecules being aligned parallel to a given body diagonal in each 
sub-lattice. The body diagonals are the local symmetry axes z ,  for 
each sub-lattice and the order parameters, u, = (1 - 3/2 I t ) ,  are 
the same at each site. ua = 1, apart from a small correction due to 
zero-point lib ration^,^ and the molecules may to a good approxi- 
mation be described in terms of the pure states I&) = p+,, = 0 ) for 
each site i. 

The long range periodic order for the molecular alignments is lost 
below a critical concentration of approximately 55% and the NMR 
studies indicate that there is only short range orientational ordering 
with a broad distribution of local symmetry axes and local order 
parameters throughout the sample. This purely local ordering has 
been referred to as a quadrupolar glass in analogy with the spin 
glasses, but unlike the dipolar spin glasses, there is no well defined 
transition from the disordered (para-orientational) state to the glass 
regime. 

It is important to realize that in the glass-like regime with the 
observed broad distribution of order parameters, the ortho molecules 
cannot be described in terms of pure states. The reason for this is 
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148 Y. LIN AND N. S. SULLIVAN 

that inside the manifold J = 1, particles in a pure state can only take 
one of two limiting cases for their alignment; either (T = 1 with q = 
0, or (J = -1/2 with q = t 1 . 2 7  A density matrix formalism must 
be used to describe the ortho molecules in the glass regime where 
there is a large number of sites with intermediate values of u . ~  There 
is some confusion in the literature concerning this point. In a recent 
review’ of the properties of solid hydrogen it was claimed that neg- 
ative values of u had been ruled out as unphysical following arguments 
given in Van Kranendonk’s book34 but this is not strictly correct.35 
Van Kranendonk’s remarks refer to considerations of the pure states 
IJ = 1, J ,  = 0) and IJ = 1, J ,  = 5 1) only. He does not discuss either 
the density matrix approach or the formulation of the intrinsic quad- 
rupolar order parameters u and q needed to describe the orientational 
degrees of freedom of the ortho-H2 molecules. Harris and M e y e P  
do  point out that negative values of a are not highly probable. There 
are however, limitations on the allowed values of u and q for a given 
set of principal axes (chosen to  coincide with the local symmetry axes) 
and we will now describe them in detail. 

It is generally believed that the orbital angular momentum J is 
quenched31 in the solid so that (1,) vanishes for all components a. 
The reason for this quenching (following the arguments of Van Vleck31) 
is that in the solid the electronic distribution of a given molecule may 
(to a first approximation) be regarded as being in an inhomogeneous 
electric field which represents the effect of the other molecules. This 
inhomogeneity removes the spatial degeneracy of the molecular wave 
function which must therefore be real and the expectation value of 
the orbital angular momentum (ih d/d+) must accordingly vanish. 
Bethe36 has shown that it is possible that the orbital angular mo- 
mentum may only be partially quenched in some solids. In solid 
hydrogen it is believed that the dipole moments (1,) are less than 
lop4  otherwise they would lead to detectable NMR line shifts through 
the spin-rotational coupling H S R =  - ah1.j where a = 114 ~ H z . ~ ’  

The quenching of the angular momentum in solid H, has two con- 
sequences for the limits on the allowed values for the order param- 
eters. Firstly, from the discussion in Section I, it is seen that the 
allowed values of u and q now lie within a triangle bounded by the 
three lines (Figure 2). 

1 2  
- + - c r 2 0  
3 3  

1 1  1 
3 3  
- _  -u 5 p 2 0 
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ORDER PARAMETERS IN SOLID Hz 149 

A 
I 

FIGURE 2 The allowed values of the orientational order parameters u = (1 - 3/2 
1:) and q = ( J i  - 1;) for a spin-I particle whose angular momentum is quenched 
are restricted to the interior of a triangle with vertices (u = 1, 9 = 0) and (u = - 1/ 
2. q = 2 1 ) .  Not all points inside the triangle are physically indistinguishable and we 
need only consider the hatched region of ACEF. All other allowed values for (0.q) 
can be generated by a suitable relabeling of the principal axes ( x . y . 2 ) .  

which represent the strong positivity conditions for the eigenvalues 
of p when the angular momentum is quenched. The allowed values 
of (a,q) are therefore constrained to -1/2 5 u 5 1 and lql S 1 k 
2/30. Secondly and more importantly, because (J,) = 0 for all a, we 
are now free to choose the Z-axis which was previously fixed by the 
net component of the angular momentum. The natural choice for the 
local reference axes is now the set of principal axes for the quadru- 
polar tensor 

The choice of principal axes is not unique, however, because after 
finding one set we can always find another five by relabeling axes. 
This means that not all of the points in the “allowed” portion of the 
(cr,q) plane are inequivalent and we will show that we only need to 
consider the hatched region (triangle CFE) in Figure 2 bounded by 
the lines q = 0 and q = 20. All other areas of the triangle of allowed 
values can be obtained from the triangle CFE by a suitable relabeling 
of the axes. (This is not the only choice that can be made for a 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

3:
48

 1
9 

Fe
br

ua
ry

 2
01

3 



150 Y .  LIN AND N. S. SULLIVAN 

"primitive" area of inequivalent values of (u,~). Another choice is 
illustrated in Figure 3 and is discussed below.) 

One point that is not generally understood is that the pure states 

*( = 11, = 0) and 

1 
* A  = - (IJ, = 1) + IJ; = - 1)) v2 

are NOT inequivalent." (The labels A through F refer to the special 
points on the triangle of allowed values shown in Figure 2 and the 
corresponding state functions are listed in Table 1 .  The state v/, can 
be obtained from 9, by a rotation of the axes by 3 d 2  about the x-  
axis. The rotation operator 

R,($) = exp (- f % J x )  

2 i 
fi 

= l3  + - J x  - (k) 
and 

The rotation Rx(3d2)  corresponds to the relabeling of the axes ( x , y , z )  - ( x ,  - z , y )  which leaves the state F invariant and maps D onto the 
point G in parameter space. 

We can furthermore show that the rotation H,(3n/2) is a 1:l map- 
ping of the following triangular regions of parameter space onto one 
another 

ACDF + AAGF, 

ACEF --* AAEF, 

and 

ABDF + ABGF 
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ORDER PARAMETERS IN SOLID Hz 151 

FIGURE 3 Diagram of allowed orientational order parameters for the orthonormal 
set S = u = (1 - 312Jj), N = V312 q = fln(J; - J t ) .  Relabeling of the principal 
axes ( x , y , z )  corresponds to reflection in one or other of the bisectors BE, AD or CG 
of the triangle of allowed values. 

This is seen by considering the transformation 

using the matrix representation 

R.y( F) = 
1 - 

v2 
0 1 - 

v2 
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152 Y .  LIN AND N. S. SULLIVAN 

TABLE I 

Special Points in Orientational Order Parameter Space. (see Figure 1) 

Parameters 
Label (0.d Wave Function 

B (-f, - 1 )  

D (a. -f) 
(1 1) 

4' 2 

G (-f. 0) 

We find that this relabeling transforms the points ( IJ?~) into new 
points (a',q') given by 

which corresponds to the mapping given by Equations (15). 
The results of the relabeling transformations are particularly easy 

to understand if instead of the parameters (o,q) we consider the pair 
(S = u, N = ~ ' 3 2  q) which transform orthonormally when the axes 
are rotated. The parameter space ( S , N )  shown in Figure 3 has the 
three pure states at the  vertices of an equilateral triangle which is 
circumscribed by a circle of unit radius. The rotation R , ( 3 7 ~ / 2 )  in real 
space simply corresponds to a reflection in ( S , N )  parameter space 
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ORDER PARAMETERS IN SOLID H, 153 

through the line BE with the transformed points given by 

1 [t 
Similarly, the relabeling ( x , y , z )  + ( y , x , z )  corresponds to a reflec- 

tion through the line CG (i.e. S = 0). The entire area of allowed 
values in parameter space can therefore be mapped out starting only 
with the triangle ACFE by simply relabelling the principal axes. We 
therefore only need to consider the hatched region of parameter space 
shown in Figure 2 in order to describe all physically distinguishable 
orientational states for ortho-H2 molecules in the solid state. 

We can also consider other choices for the primitive areas in the 
orthonormal ( S , N )  parameter space. The choice of ACEF can be 
retained, or we may prefer to consider only states with the minimum 
values of the eccentricity N and the primitive set is then the sum of 
ACFK and AGFJ in Figure 3. This latter choice is equivalent to the 
first choice because AGFJ and AFEK are equivalent. 

IV. INTERPRETATION OF NMR SPECTRA 

The interpretation of the NMR spectra has been discussed in detail 
elsewhere. 1.16.17 The essential point is that the intramolecular nuclear 
dipole-dipole interaction H D D  can be written in terms of products 
of the irreducible tensorial operators nLM in the manifold J = 1 with 
the corresponding nuclear spin operators NL, in the manifold I = 
1. 

where D = 173.06 kHz. 
In high magnet fields the field direction (say Oz) is the natural 

quantization axis for the nuclear spins, and the secular component 
( M  = 0) of H D D  results in a fine structure for the NMR spectrum 
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154 Y. LIN AND N. S. SULLIVAN 

with each molecule contributing a doublet to the spectrum with fre- 
quencies 

The expectation value (n20)oz is evaluated with respect to the magnetic 
field axis, NOT the local molecular symmetry axis with respect to 
which the local order parameters (u,q) are defined. Considering the 
transformation to the local frame we find 

(19) 
3 .  
4 

Au; = +- D [ -UQ~(COSO;) + -qian20,cos2+,] 

where (Of,&) are the polar angles defining the orientation of the 
applied magnetic field with respect to the local molecular symmetry 
axes. 

In the case where there is a broad distribution of order parameters 
and local symmetry axes it is not possible to deconvolute the NMR 
lineshapes uniquely. l2 One has instead assumed local axial symmetry 
at each site (q, = 0) and a powder distribution for the angles 8,. The 
spectra can then be interpreted in terms of a broad distribution of 
local alignments u. 1.4.12 This is unsatisfactory because there is no 
microscopic justification for assuming axial symmetry a t  each site. 

We propose that the assumption of axial symmetry can be tested 
experimentally by examining the zero field NMR absorption spec- 
trum. Although Reif and P ~ r c e 1 1 ~ ~  have carried out zero field studies 
for the long range ordered phase where it is known that u is constant 
and q = 0, it has not previously been considered for the glass phase. 

In zero applied magnetic field the degeneracy of the nuclear spin 
levels is lifted only by the intramolecular spin-spin interactions, 

1 1 
HDD(i) = hD -3"; (315 - 1 2 )  + -qj(Z?+, + 15,)  (20) " 4 

The tensorial operators for the rotational degrees of freedom have 
been replaced by the expectation values u,q. An applied radio-fre- 
quency field can induce magnetic dipole transitions between the nu- 
clear spin levels in analogy with the so-called pure quadrupole res- 
onance absorption (See Abragam, Chapter V11.") The components 
l,,, I + , ,  l - ;  of the nuclear spin are referred to the local molecular 
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symmetry frame and the resonance frequencies are independent of 
the orientation of the crystal axes in space. The eigenstates of H,, 
are [ I , =  0), and I + )  = [II, = + 1) ? IZ, = - I)]/v?. For each 
molecule i, three resonance lines can be expected corresponding to 
the transitions I +) -+ lo), I -) + 10) and 1 +) + I - )  with frequencies 
Y,’ = D( -ui + 1/27;), vi2 = D( -IS, - 1/2-qi) and ui3 = Dqi ,  re- 
spectively. If axial symmetry is a good approximation, there is only 
one line at vi = - Dui and the detailed shape of the NMR absorption 
spectrum in zero field will be identical with that observed at high 
fields. On the other hand, if there is a significant departure from 
axial symmetry the high and zero field spectra will not be identical. 

V. CONCLUSION 

We have determined that in general the orientational degrees of 
ortho-H, molecules in the solid need to be described in terms of 
density matrices. The ortho molecules have unit angular momentum 
and the single particle density matrices are completely determined 
by five independent parameters (if the angular momentum is quenched). 
These parameters are 

1 .  the three principal axes (x .y ,z )  for the quadrupole tensor, 
2. the alignment u = (1 - 312 z), and 
3. the eccentricity 7 = ( J z  - J t ) .  

The positivity conditions for the density matrix show that the 
only allowed values of ( 0 , ~ )  are those enclosed in a triangle in (o,-q) 
space whose vertices are the pure states (J ,  = 0) and IJ, = ? 1). Not 
all of these allowed values are physically indistinguishable because 
one may relabel the principal axes and we have shown that one can 
determine a simple primitive set of order parameters which are in- 
equivalent by the choice 2a 2 7 2 0. Orientational states with neg- 
ative u analogous to the classical probability distribution in the form 
of an oblate ellipsoid are not excluded on theoretical grounds. 
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